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In this note we give a very short proof of a theorem of Goldie [I]. We 
recall a few well-known concepts in the following definitions. 
DEFINITION 1. Let S be a subset of a ring R; then Z(S), the left annihi- 
lator of S, is (r E R 1 rS = (0)). Similarly we define the right annihilator Y(S) 
as (r E R / Sr = (0)). 
DEFINITION 2. A ring R is said to be a (left) Goldie ring if: 
(a) R satisfies the ascending chain condition on left annihilators and 
(b) R contains no infinite direct sums of left ideals. 
One notes trivially that a ring satisfying the ascending chain condition on 
left annihilators satisfies the descending chain condition on right annihila- 
tors. 
DEFINITION 3. A left ideal 1 of R is essential if I intersects every nonzero 
left ideal of R nontrivially. 
DEFINITION 4. A ring R is semiprime if it has no nonzero nilpotent 
ideals. 
SECTION 1 
In this section R will always be a semiprime ring satisfying the ascending 
chain condition on left annihilators. 
We begin with a lemma fundamental in all that follows. 
* The second-named author wishes to acknowledge support received from an 
Army Research Office (AROD) g rant at the University of Chicago. 
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LEMMA 1. If A 3 B are left ideals of R and r(A) G(B) but r(A) f r(B), 
then there exists an a E A such that Aa # (0) and Aa n B = (0). 
Proof. Let U be a right annihilator minimal with respect to being con- 
tained in r(B) and properly containing r(A). By its choice AU # (0), and 
since AU is not nilpotent, A UA U f (0). Pick ua E UA so that Aua U # (0). 
We claim that Aua n B = (0); if not 0 f xua E Aua n B, where x E A. 
Since xua E B and UC r(B), xuaU = (0); since x E A, r(x) 3 r(A). Consider 
r(x) n U; it is a right annihilator, contains r(A), is contained in U. Since 
uaU C r(x) but uaU $ r(A) we deduce, from the minimality of U that 
Y(X) n U = U. This last relation implies that XU = (0), contradicting 
xua # 0. This proves the lemma. 
COROLLARY 1. If Rx and Ry are essential then Rxy is essential. 
Proof. Let A # (0) be a left ideal of R and let A = (r E R 1 ry E A}. 
Thus Ay = Ry n A # 0 (by the essentiality of Ry). By definition A 3 Z(y) 
and Ay # (0), Z(y) y = (0), thus the conditions of Lemma 1 are present, 
hence we can find a left ideal T # (0) such that T C A and T n Z(y) = (0). 
If T = {r E R 1 rx E T) then TX = Rx n T # (0) and %y # (0) and is 
contained in A. Thus Rxy n A f (0), and so Rxy is essential. 
We recall the 
DEFINITION. An element in R is regular if it is not a left or right zero 
divisor. 
COROLLARY 2. If Ra is essential then a is regular. 
Proof. That r(a) = (0) follows from the special case of Lemma 1 in 
which A = R and B = Ra. 
We consider Z(a); by the ascending chain condition on left annihilators 
there is an integer n such that l(as) = Z(a”) for all s > n. If x E Ran n l(a) 
then x = yan and 0 = xa = yan+l placing y E Z(a”+l) = Z(a”); this yields 
x = 0. By Corollary 1, Ra” is essential, yet Ran n Z(a) = (0); the net result 
of this is that Z(a) = (0). 
SECTION 2 
Throughout this section R will be a semiprime (left) Goldie ring. 
LEMMA 2. R satisfies the descending chain condition on left annihilators. 
Proof. Let L,3L,3 **.3LL,3 ..* be a properly descending chain of 
left annihilators. By Lemma 1 there exist nonzero left ideals C, CL, such 
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that C, n L,,, = (0). Since the C, form a direct sum we find that the chain 
of annihilators must terminate. 
LEMMA 3. If Z(c) = (0) then Rc is essential, and so c is regular. 
Proof. If A # (0) is a left ideal satisfying Rc n A = (0), since Z(c) = (0) 
we get that the AI? form an infinite direct sum. Thus Rc n A f (0), so 
Rc is essential. 
A two-sided ideal S is said to be an annihilator ideal if S is the left annihila- 
tor of some left ideal 2’. Note that if ST = (0) since R is semiprime and 
(TS)2 = (0) we get 7’S = (0). We recall that a ring R is prime if the product 
of two nonzero ideals of R is nonzero. 
LEMMA 4. (a) A nonzero minimal annihilator ideal is a prime Goldie ring. 
(b) There is a finite direct sum of such ideals which is an essential left ideal. 
Proof. (a) Let S be a minimal annihilator ideal. If II’ jl (0) is a left ideal 
of S’, since R is semiprime S7’ # (0); ST C T is a left ideal of R. This imme- 
diately implies that ,S has no infinite direct sums of left ideals. It is immediate 
that subrings of R inherit the annihilator chain conditions. Therefore S is a 
Goldie ring. 
Suppose that AB (0) where A, B are ideals of :?‘. Since SB C B, 
ASB = (0), thus A C l(SB) n S; since 1(SB) n S is an annihilator ideal, 
if A # (0) we would get that Z(SB) 2 5’ since S is a minimal annihilator 
ideal. But this implies that SB is nilpotent, hence S B= (0) yielding B ~~ (0). 
In short, 5’ is a prime Goldie ring. 
(b) Let A ~ S, $t .‘. ‘$ 5”n be a maximal direct sum of minimal annihi- 
lator ideals. We claim that *4 is essential. Suppose that i4 n R --- (0), 
where K f (0) is a left ideal of R; since AK C A n K we have AK -= (0) 
so I< C r(A). But since R is semiprime A n r(A) :-. (0), and r(A) A --= (0); 
thus in r(A) we can find a nonzero minimal annihilator ideal which does not 
intersect A. Thus the direct sum can bc lengthened, contradicting the choice 
of A. 
LEMMA 5. If I is an essential left ideal then it contains a regular element. 
Proof. We first establish the result for prime rings. Choose a ~1 so that 
Z(a) is minimal. If a is regular we are done; if not, by Corollary 2 to Lemma 1, 
Ra n J = (0) for some left ideal I# (0). Since 1 is essential 1 n J # (0) 
so we may suppose that JC1. If x E J and r E Z(a + x), r(a + x) = 0 so 
ra = - rx E Ra n / = (0) hence r E Z(a) n Z(x). By the minimality of Z(a) 
we get that I(x) > l(a) n Z(X) > Z(a) and so r(a) J = (0). In a prime ring 
this implies Z(a) = (0). Lemma 3 then tells us that a is regular. 
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Now let R be semiprime and let A = S, @ ... @ S, be as in Lemma 4. 
It is clear that I n Si is essential in Si . Since Si is prime, I n Sd contains 
an element yi regular in Si . We claim that Y = rl + *.. + Y, is regular 
in R ; if Z(Y) # (0) since Z(Y) n A # (0) (by Lemma 4) there is an element 
O#t=t1+ .. . + t, E Z(Y) r\ A where ti E Si . Since tr = Cb,r, = 0, 
each tiri = 0 hence ti = 0 by the regularity of yi . Therefore t = 0, contrary 
to t # 0. The element Y has been shown to be regular. 
A ring Q is said to be a left quotient ring of R if R C Q, every regular 
element in R is invertible in Q and given q E Q, q = a-lb where a, b E R 
and a is regular. 
It has been shown often, first by Ore, that the following is necessary and 
sufficient that R have a left quotient ring : 
For a regular in R, b E R there exist c, d E R, with c regular, such that 
cb = da. 
We prove the following theorems of Goldie [I]. 
THEOREM 1. Let R be a semiprime (left) Goldie ring; then R has a left 
quotient ring Q. 
Proof. Suppose that a E R is regular and b E R. By Lemma 3, Ra is 
essential. If M = {Y E R 1 rb E Ra} it is easy to show that M is essential, 
thus by Lemma 5 contains a regular element c. But then cb = da and so 
from the above remark R has a left quotient ring Q. 
Before proceeding to the last result we note without proof the following 
two easy facts. 
1. If I is a left ideal in Q then I = Q(1 n R). 
2. If A, @ . . . @ A, is a direct sum of left ideals in R then 
QA i @ . . . @ QA, is a direct sum in Q. 
THEOREM 2. Q is a semisimple ring satisfying the descending chain condition 
on left ideals. 
Proof. If I # (0) is a left ideal of Q then there is a left ideal K in R such 
that (I n R) @ K is essential in R (take K to be the complement of I n R 
in a longest direct sum containing I n R as a constituent). From the fact that Q 
is a left quotient ring for R we then get Q = I @ QK. If 1 is the unit element 
of Q then 1 = i + j, i E I, j E QK, which yields from the directness of the 
sum i2 = i # 0, ij = 0. Clearly Qi = I, that is, I is generated by an idem- 
potent. Since every left ideal in Q is principal Q satisfies the ascending chain 
condition on all left ideals, and has no infinite direct sums of left ideals. Since 
every left ideal of Q is generated by an idempotent Q can have no nonzero 
nilpotent ideals, so is semiprime. 
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Let L # (0) be a left ideal of Q ; as we have seen L = Qe. Now 
r(Qe) = r(e) = (1 - e) Q and Z((1 - e) Q) = I( 1 - e) = Qe, 
thus L = Z(r(L)) so every left ideal is a left annihilator. However, by Lemma 2, 
Q satisfies the descending chain condition on left annihilators, thus on all 
Zeft ideals. Since, as we have seen above, Q has no nilpotent ideals, it is semi- 
simple. 
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